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1. INTRODUCTION 
It has recently been demonstrated [I], under quite general conditions, 
that the Green’s function and the scattering operator associated with the 
Schrodinger operator 
4 = --d +JQ?) (1.1) 
in three dimensions can be analytically continued from their natural domains 
of definition. In (1.1), M(q) denotes the operation of multiplication by the 
real-valued potential function q(x), x E E, , that is 
M(q)f(x) = qWf(x), x~Ea, 
while A denotes the Laplacian. 
In this paper we will apply the results of [l] concerning the analytic 
continuation in order to prove the exponential decay as t + CO of the solution 
U(X, t) of the inhomogeneous initial-value problem 
D&(x, t) + 4u(x, t) = F(% 4, 
4x, 0) =f(x), D,u(x, 0) = g(x), (l-2) 
where D, = dldt, x E Es , t > 0. The proof requires certain smoothness 
conditions of the functions q, q,, f and g, and certain support conditions on f 
and g; these will be stated in Sections 2-3. 
The conditions imposed upon q(x) in [I] are the following: 
(i) q(x) is locally H oe Id er continuous except at a finite number of sin- 
gularities; 
(ii) q(x) is locally square-integrable; 
(iii) 1 q(x) / < Ce-“lzl for / x 1 sufficiently large, C and (11 being positive 
constants. With these conditions on q(x), it is known [2] that the operator 
A, , operating in the Hilbert spaceL2(E,), has a unique self-adjoint extension, 
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whose domain is in fact the same as that of the self-adjoint extension of 
A, = - A. Furthermore, it is proved in [3] that the resolvent operator 
R(h, A,) = (AZ - A,)-1 is an integral operator having kernel G(x, y, K) 
(k = l/h, im k > 0) of Carleman type. The kernel is a meromorphic func- 
tion of k provided im K > 0, and its poles occur at a finite point set {A,} 
located on the positive imaginary axis [4, 51. 
Let H be the Hilbert space of complex-valued Lebesque-measurable 
functionsf(x) such that 
s If(x) I2 e-+1 dx < co. E3 
It is convenient to view H as the space L2(E, , dp) where the measure dp 
is given by dp = e--l21 dx. With this notation the main result of [I] is the 
following 
THEOREM. Under the conditions (i), (ii), (iii) above on q(x), the resolwent 
kernel G(x, y, k) associated with (XI - A&-l defines for each Jixed y E E3 
a function k + G( a, y, k) E H. As an H-valued function of k, G(*, y, k) is 
analytic in im k > 0 except for a finite number of poles on the positive imaginary 
axis. Moreover, it has an analytic continuatirm which is meromarphic in 
im k > - -$a. 
The analytic continuation is accomplished in the following manner. The 
integral operator Tk defined for f E H by 
cTkf) cx) = - & j, , “;“r-; , P(y)f (y) My) 
with p(y) = PIYI q(y) is shown to be a Hilbert-Schmidt class operator for 
imk> -ia. Basic facts from the theory of infinite determinants are 
applied to prove that the operator (Z - T,)-1 is a meromorphic function 
of k in the half-plane im k > - f 0~. G(x, y, k) is then obtained as the solution 
of the equation 
where 
G(x, Y, 4 - T&(-v Y, k) (4 = Go@, Y, 4 
1 ei”ll-YI 
G(x,Y,~)=~ ,x-y, . 
Consequently, G is a meromorphic function of k for im k > - $ ~1. 
In Section 2 of this paper we conduct a more detailed study of the operator 
(Z - Tk)-l, and obtain a result which serves to roughly locate the poles of this 
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operator. This information is then utilized in Section 3 to prove the exponen- 
tial decay of the solution u(x, t) of (1.2). These results extend those 
Ladyzhenskaya [6], where the potential function is assumed to have compact 
support. 
2. THE POLES OF (I - Tk)-l 
For the purposes of this section we shall suppose that q(x) is a continuously 
differentiable function and that q(x) = O(e-“IZI) as 1 x I-+ co. Then there 
exists a constant M > 0 such that 
1 q(x) 1 < Me-+I, XEE~. 
Under these conditions on q, we have the following: 
LEMMA 2.1. Given uny 6 satisfying 0 < 6 < s OL, there exists a constant 
N(6) > 0 such that (I - T&l exists for all h belong& to the region 
- (4 01 -6)<imk<O, 1 76 h 1 3 N(6). 
Furthermore, 1) (I - T&l 11 is uniformly bounded in this region. 
PROOF. It will suffice to prove the existence and boundedness of 
(I - Tti2)-’ for some such region, for by the relation 
(I - T&l = (I - Tk2)-l (I + T,), 
valid when (I - Tk2)-l exists, the existence and boundedness will carry over 
to the operator (I - Tk)-l. 
We begin the proof by noting that the operator Tk2 has a Hilbert-Schmidt 
kernel K(x, y, K) given by 
K(x, y, h) = p(x) 1, , ,“i”“T”; ;;I”“; , $44 & (2.1) 
where p(x) = ~1x1 q(x) (and consequently p is bounded). We shall prove 
the lemma by demonstrating the existence of a region of the sort described 
in the lemma for which the Hilbert-Schmidt norm of Tk2 is as small as we 
wish. This clearly will establish the existence of (I - Tk2)-l for K in the 
region. 
Let h(x), 0 < 4x < 1, be a smooth function of x with I,/J~ = 1 for 
/ x I < R, #fi = 0 for 1 x I > R + 1, and let ~)s(x) = 1 - h(x). We now 
write K(x, y, K) in the form 
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and 
(2.2) 
&clS-sj &slS-Yl 
=p(x~sEs ,x-s,,s-y, q(s) h(s) ds. (2.3) 
Because of the boundedness of p and the exponential behavior of q, the 
kernel KR can easily be estimated with the result 
where the integral is convergent since cy - 2 1 im k 1 > 26 > 0; in fact, it is 
not difficult to show that this integral converges to zero as R --f 03, uniformly 
with respect to x, y E E, . Consequently, given E > 0 we have 
1 KR(x,y, k) I < E elimkl(l~l+lul) (2.4) 
for sufficiently large choice of R. But this shows that the Hilbert-Schmidt 
norm (on H x H) of the kernel KR can be made arbitrarily small by choosing 
R sufliciently large. In fact, from (2.4) it follows that 
s E XE / KR(x, y, k) I2 dp(x) dp(y) < E 1 e21imkl /=I dp(x) 1 ezlimkl lg1 dp(y) 8 8 ES ES 
for a suitable choice of R. Here the constant C depends upon 6 alone, and 
the estimate is valid for all k in the strip - (4 01 - S) < im k < 0. 
Consider now the kernel Kl . The integrand appearing in (2.3) has 
compact support contained in the sphere ZR : I s 1 < R + 1. Since q is 
continuously differentiable, we can integrate by parts in (2.3), following 
Ladyzhenskaya [6], and show that for each E > 0 there exists a constant 
C(E, R) such that 
1 K,(x,y, k) 1 < [c + “r, p)J elimkf(lsl+l~l) 
for (x, y) E Zs x Es or (x, y) E Ea x Es , x # y in either case. It is then a 
simple matter to show that the Hilbert-Schmidt norm of Kl can be made 
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as small as desired by restricting k so that [ re k 1 is sufficiently large. In 
particular, the existence of a strip region of the k-plane of the sort described 
in the lemma for which (I - Tk2)-l exists and is uniformly bounded is clear. 
An immediate consequence of the Lemma 2.1 is the 
COROLLARY 1. If the potential function q(x) is continuously dzj%rentiable, 
the operator (I - T,)-1 can have at most a jinite number of poles in each strip 
of the form 
-/S<imk<O, O<jg<&ct. 
If A, has empty point spectrum, then (I - T&l has no poles in the upper 
half-plane im k > 0. If, in addition, the point k = 0 is a point of regularity 
of (I - T&-l, then there will be a half-plane im k > - p, /3 > 0 which is 
free from poles of (I - T&l. Ob viously, /? can be chosen to be any positive 
number which is smaller than the minimum distance of the poles of (I- T&l 
from the real axis. Hence we have the following 
COROLLARY 2. Suppose A, has empty point spectrum, and suppose k = 0 
is not a pole of (I - T&l. Then (I - T&l can be extended boundedly 
into any strip 
-/3<imk<O 
which does not contain a pole of (I - T&l, and (I - T&l is regular analytic 
in the half-plane im k > - fl. 
We shall close this section by giving sufficient conditions for the hypotheses 
of Corollary 2 to hold. 
LEMMA 2.2. If q( ) x is continuously d$ferentiable and satisfies the inequality 
964 2 - 60 I x w2, O<S<l 
for all x E E, ; then the point spectrum of A, is empty and k = 0 is not a pole of 
(I - T&l. 
PROOF. We first show that k = 0 is not a pole of (I - T&-l. Suppose that 
there exists a function f E H such that 
P-6) 
It is an easy consequence of (2.6) that f(x) is bounded, and so 
I dY)f(Y) I < Ce-~w 
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By straightforward, but somewhat lengthy estimates of the integral (2.6) 
(see [3], Lemma 3.1), it can be shown that 
f(x) = O(l x I-‘> and & = O(l x I-“) as / x I--+ co. (2.7) 
Furthermore, since q(x) is continuously differentiable, it follows from (2.6) 
that f satisfies the equation Af = qf, and hence 
(2.8) 
and f(x) Af(x) = O(e-+I) as 1 x ] ---f co. By integrating (2.8) over the 
sphere ] x 1 < Y and then performing a partial integration in the term f df, 
we find that 
j,z, <,f (x) Afo dx = - j ,Z,~T I Vf (x) I2 dx + j,,,-,f (x) &(x) ds 
(2.9) 
From the well-known inequality 
1 
4 I 
if(x) 1’ dx < 
Es ix12 s 
I Vf (x) I2 dx 
ES 
and (2.9), we deduce the estimate 
I Id<5 I Vf(x) I2 dx < 6 j, I Vf(x) I2 dx + O(Y-9, 
which implies that f(x) = 0. Hence the equation (2.6) has no nontrivial 
solutions in H, and so (I - T&l exists. Thus K = 0 is a regular point of 
(I - T&l. 
The above proof also shows that h = 0 cannot belong to the point spectrum 
of A, , for the corresponding eigenfunction would clearly belong to H and 
would satisfy (2.6). 
Since q(x) > - S(2 j x 1)-2, A, is a nonnegative operator; in fact 
A, > (1 - 8)-r A, so that A, has no negative point spectrum. Finally, a 
theorem of Kato [7] establishes the nonexistence of the positive point 
spectrum of A, , and so A, has empty point spectrum. 
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3. THE HOMOGENEOUS CASE 
The results of Section 2 will now be utilized for the study of the asymptotic 
behavior of the solution U(X, t) of the problem (1.2). We will show that for 
fixed x E E8 , the solution U(X, t) behaves like O(e-yt) (y > 0) as t -+ CO, where 
y is any positive number smaller than the minimum distance of the poles 
of (I - T,)-l from the real axis im K = 0. 
The conditions we impose on the functions f, g, and 4 are the following: 
(i) The initial data f(x) and g(x) will be required to have compact sup- 
port, 
f (4 = 0 = &> for /xl >A, 
say, and shall be smooth enough to belong to D(Ao2) the domain of definition 
of Ao2 = (- 4)2. 
(ii) In addition to satisfying the hypotheses of Corollary 2 of Section 2, 
q(x) will be assumed to have continuous second order derivatives (Pq) (x) 
satisfying 
I W(x) I G c for Iml =l,2. 
In this case we have B(Ao2) = D(A12) (see [8], Theorem 3.2). This will 
facilitate estimates which we shall make in the course of this section. 
In view of the linearity of the problem (1.2), the standard device of separat- 
ing the nonzero initial data and the inhomogeneous term can be used. 
First we will treat the homogeneous equation with the given initial data f, g: 
D,2d1)(x, t) + A,u”‘(x, t) = 0 
zdyx, 0) = f(x), D,u’yx, 0) = g(x). 
The result is the following 
(3.1) 
THEOREM 3.1. Given any bounded domain Q C E, , there exist constants 
C = C(f2, f, g) and y = y(q) such that the solution u(l)(x, t) of (3.2) satis$es 
lWy ) u(l)(x, t) 1 < Ce+, t > 0. 
PROOF. Let zu(x, t) be the solution of the initial value problem 
D,~w(x, t) + A,w(x, t) = 0, 
w(x, 0) =f (4, aw(% 0) = g(x) (3.2) 
and let IV(x, K) denote the Laplace transform of w: 
W(x, k) = ,r eikt w(x, t) dt. (3.3) 
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As a function of t, w(x, t) has support contained in the interval 
where A measures the support of the data f, g. It follows that W(x, k) is an 
entire function of K. From (3.2) and partial integrations in (3.3), it follows 
that IV(x, K) satisfies 
(k2 - A,) W(x, k) = F(x, k) = g(x) - ikf(x); 
that is to say, 
qx, 4 = P(k2, 4dq*, 4lW, 
at least so long as im K > 0. From the very definition of R(K2, A,) and the 
fact F( -, K) E D(A,), we obtain the equation 
vx, 4 = [W2, 4)F(*, 41(4 
= $ [F(x, k) + R(k2, 4) 4?(*, 4 Ml 
(3.4) 
It is now a simple matter to estimate W(x, k) as given by the last equation 
in (3.4), and we find that 
I qx, k) I < 
Celirnk/(/Z/fA) 
Ikl (3.5) 
for arbitrary complex k. In a similar manner, it follows from (3.4) that 
where the constant C can be taken independent of k if k is restricted to a 
region im k > u. > 0. 
We next construct the solution V(X, t) of the inhomogeneous problem 
D,2v(x, t) + A&, t) = - q(x) w(x, t) 
v(x, 0) = 0, D,v(x, 0) = 0 (3.6) 
and show that V(X, t) decays exponentially in t. It will then follow that 
uyx, t) = w(x, t) + v(x, t) 
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will be the solution of (3.1) and will decay exponentially. Note that the formula 
~(1) = w + v is a decomposition of the solution ~(‘1 into an “incident wave” 
w and a “scattered wave” v. 
Let 5(x, k) (im K > 0) be defined by 
qx, 4 = [W, Al) M(q) q-3 41 @> 
= [W2, Al) M(q) q2, A,)q*, 41w. (3.7) 
6( *, K) is an analytic, L2-valued function for im K > 0, and a(*, k) belongs to 
D(A,) for such k. From the second resolvent equation and the second line 
of (3.7), a(*, K) can be expressed in the form 
qx, k) = [R(k2, A,) - R(k2, A,)1 q -, A) (x)9 
so that two iterations of the resolvent identity 
w, B)f = f (f + R(k2 9 B) W), f E D(B), 
when applied in succession for B = A, , B = A, , lead to the equation 
a(*, k) = $ [A@‘(k) - A,F(k) + R(k2, A,) A12F(k) - R(k2, A,) Ao2F(k)]. 
As a consequence of this last equation, 
II fiC.9 4 /ILVEJ G &, (3.8) 
where the constant C can be taken independent of k so long as k is restricted 
to the region im k 3 u. > 0. 
Now we introduce the auxiliary function v(l)(x, t) by setting 
vy., q - 2fni j"'"" e-ikt 5j; K) dk ) 
m+tLIo 
(3.9) 
where the integral is to be understood as a Bochner integral with values in 
L2(Es). The integral in (3.9) clearly converges, as the inequality (3.8) shows, 
and rW(*, t) is a strongly continuous function of t. Since 
we find 
A@(., k) = k2E(., k) - q(e) W(., k), 
c 
It A@(., 4 lbm,) G ~kj, 
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1 
s 
m+% e-ikt A,b( -, k) dk 
I- 
2ni --m+ioo ik 
From (3.9) and (3.10), pl(l)(., t) is found to satisfy the equation 
D,W)(*, t) + A,w’l’(-, t) = - q(a) zuy-, t) 
where 
1 
w(% 0 = 2nz’ I 
co+ioo e-zkt W(X, k) dk = t 
--m+io” ik I 
w(x, s) ds. 
0 
In view of (3.11), 
(3.10) 
(3.11) 
(3.12) 
is a strongly continuous L2-valued function having a strongly continuous 
derivative D,o(*, t), and V( *, t) is a weak solution of (3.6). By closing the con- 
tour in (3.12) in the upper half-plane and utilizing the estimate (3.Q the 
solution V(X, t) is found to assume zero initial values at t = 0. 
By the assumptions on q, Corollary 2 of Section 2 applies, and (1 - Tk)-’ 
is a regular analytic function in some half-plane im k > - /I,, , PO > 0, 
with 11 (I - T,)-l (1 uniformly bounded there. Now since G(y, x, k) is obtained 
as 
G(Y, x, 4 = [(I - T&l Go(*, x, U(Y), 
we find that 
II G(., x, k) IIH < II (1 - Tk)-l II II Go(*> x, 4 11~. (3.13) 
A short calculation shows that 
11 Go(*, X5 k, IIH< I 
C imk>O 
Ce,fmk,,z, 9 -+a<imk<O; 
so (3.13) leads finally to the inequality 
11 (3.9 Xt 4 hx < I 
c imk>O 
Ce,‘mk, ,r, -&,<imk<O. 
(3.14) 
, 
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Since 6(x, K) is given by (3.7), 6 has the representation 
+Xx, 4 = j, ‘W 294 4(Y) V% 4 4, imk >O. (3.15) 
Now (3.13) shows that 6(x, k) has an analytic continuation to the strip 
- &, < im k < 0, and can be estimated by the Cauchy-Schwarz inequality 
with the result 
I f+, 4 I < II G(., ~9 4 IIH [s,, I n(r) w(Y, 4 I2 e+’ 4~]~‘~ 
(WC) Celim~l(l4+A) 
< Ikl * 
(3.16) 
The inequality (*) follows from (3.5) and (3.14), while (**) holds since 
and I im k 1 < 4 LX. The estimate (3.16) p ermits the line of integration in 
(3.12) to be shifted down into the lower half-plane to the line im k = - /I,,: 
w(x, t)= & ,_“-“0 ecikt 6(x, k) dk. 
m @cl 
(3.17) 
It now follows immediately from (3.17), with the aid of (3.16), that 
I a(x, t) I < CeMxl+A-t). (3.18) 
(3.18) establishes the exponential decay of w(x, t), and consequently that of 
dl)(x, t). 
4. THE INHOMO~ENEOUS CASE 
We now consider the inhomogeneous problem with zero initial conditions: 
D,2zqx, t) + A,U’yX, t) = p(x, t) 
d2)(x, 0) = 0, D,ff (2)(x, 0) = 0. (4.1) 
Because this problem is essentially the same as problem (3.6) of Section 3, we 
shall make only a few comments. 
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As in Section 3, we represent the solution u’~)(x, t) of (4.1) in the form 
u(2)(~, t) = & j”:“,, ecikt R(k2, A,) @(x, k) dk, 
where u,, > 0 and 
@(x, k) = 1:: eikt &x, t) dt 
denotes the Laplace transform of v. In order that the method of proof of 
Section 3 be applicable to this situation, we are led to require that @(x, k) 
be analytic in a half-plane im k >, - pi , /?i > 0, and satisfy the inequality 
It will then follow, as in (3.16), that R(k2, A,) @(*, k) possesses an analytic 
continuation to the half-plane im k > - ,%a = - min (/3,, pi), and con- 
sequently the line of integration in (4.2) may be replaced by the line 
im k = - j2. It is then immediate that u(~)(x, t) = O(e+at) as t --+ co. 
Roughly speaking, the above requirements on @(x, k) are met if ~(x, t) 
vanishes near t = 0, vanishes more rapidly than O(e-ozt) as t + co, and 
vanishes more rapidly than O(e-*+I) as 1 x 1 + co. There is one special case, 
occurring in the principle of limiting amplitude, in which ~(x, t) does not 
meet these requirements. In this case v is assumed to have the form 
v(x, t) = k(x) e-i”t (w > 0). 
Consequently the corresponding transform @(x, k) will be a meromorphic 
function of k having a simple pole at k = W, and in shifting the contour in 
(4.2) across the real k-axis, the residue at k = w must be taken into account. 
The resulting expression for u(~)(x, t) shows the existence of the limit 
u(x) G v-2 eiWt uc2)(x, t) 
= 
s ‘3x, Y, w) 4~) dy. ES 
A closer study of the function U(X) reveals that u is a solution of the time- 
reduced wave equation 
- h(x) + q(x) u(x) = w2u(x) + h(x). 
These facts have been obtained by Ladyzhenskya [6] in the case of potentials 
q(x) with compact support. 
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5. AN ASYMPTOTIC EXPANSION 
We shall again assume that the point spectrum of A, is empty, and that 
q(x) is continuously differentiable and O(e-U121) as 1 x / + 0~). In this case, 
Corollary 1 of Section 2 asserts that (I- T&l has poles occurring only in the 
strip - $ cx < im k < 0 and possibly at k = 0, and further asserts that there 
are at most a finite number of poles in each strip of the form - /3 < im k < 0, 
p<gCX. 
It is apparent that the analysis of Section 3 provides a basis for the develop- 
ment of an asymptotic expansion for the solution u(x, t) of problem (1.2). 
Consider, for example, the solution u~)(x, t) of the homogeneous problem 
(3.1). By shifting the contour of integration in the integral (3.12) down into 
the half-plane im k < 0, say to the line im k = - p, 0 < /3 < $ a, one 
obtains the following expression for V(X, t): 
21(x, t) = C e-iknt pn(x) + A(x, 4 P). (5.1) 
Here A(x, t, /3) is the integral 
and 
A(x, t, p) = & /y-y, eeikt 6(x, k) dk 
m @ 
p,,(x) = R$ue 4x, k). 
n 
The sum in (5.1) is finite, and extends over those poles k, of (I - !!‘,)-I 
satisfying im k, > - j3. We assume, of course, that the line im k = - p 
does not contain a pole of (I - Tk)-l, so that /I (I - T&l 11 is bounded on 
this line, by Lemma 2.1. For fixed x E E, , A(x, t, /I) = O(e-at) as t + CO; 
hence a good asymptotic approximation to w(x, t) is given by 
0(x, t) m 1 eBikntpn(x) (t + a). 
Since u(l) = v + w, where w is the solution of the unperturbed wave equa- 
tion (3.2) having initial data with compact support, it follows that 
ull)(x, t) M 1 ewiknt pn(x) (t + m), 
for w(x, t) = 0 if t > / x 1 + A. 
Obviously a similar development holds for the solution u(~)(x, t) of the 
inhomogeneous equation (4.1). 
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